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Abstract. A one-dimensional Ising model with a potential falling off like et s

considered as a limit of a set of Gaussian models. The spin-spin correlation function is
derived, and the critical indices «, 8, v, v, n are calculated.

1. Introduction

The existence of a phase transition for a one-dimensional Ising model with a power-law
potential has been proved by Dyson (1969, 1971), who introduced the hierarchical
model for this purpose. Different models, which behave asymptotically as the hierar-
chical model, have been also considered by Bleher and Sinai (1973, 1975). The critical
properties of the hierarchical model with potentral falling off like r~* have been
examined by Kim and Thompson (1977) in the range 0<o <1, where a phase
transition is known to occur, using a renormalisation group recursion relation. Here we
introduce a set of Gaussian partition functions from which the Ising partition function is
obtained as a limit provided that the constant of interaction is renormalised. We derive
an integral equation for the spin—spin correlation function for a wide class of potentials
when 4 = 0. Critical exponents », 1, 8, ¥ are then obtained for the power-law potential
in agreement with the results of the hierarchical model.

2. Spin-spin correlation function
Consider the one-dimensional Ising model of N spins with the Hamiltonian
H= —%] Z PijMiMj“h Z i (1)
i,j i

where J is the constant of interaction and p; = p(|f —i|). The partition function is

Z= ) exp(-BH),

(i==1)

which, using the § function, can be rewritten in the integral form

L= o] = o] N
Z=[ | TG+ + Dlexp(~BH) dus . dun (2)
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Instead of using the § function, we introduce the Gaussian distributions

folu) = (s/m)""* exp[ = s (ui = 1)%],
and define the set of partition functions
s

2=(5) [T T fenpl st~ 17 expl - sta

oo -0 =

Xexp(—BH)du; ... dun

+1)°]}

(3)

The Ising partition function Z can then be obtained by taking the limit of Z;, when

s > o0, Equation (3) can also be written in the form

oC [ee]

ZS=<%>N/2 cho - I_co exp(—s Y, u; —Ns—BH)

N
X Hl [exp(2su) +exp(—2su;)]dur .. . dun

e o) o

=(£—>N/2 L’o e Ln exp(—s Y, ui —Ns—BH)

X Y exp(=2s Y vir) dur ... dun

(vy==1)
N/2

= (%) exp(— Ns)

o

* %
(v;=+1) J—c0 —a0

xexp[ — (¥ aguue; +2 Y, b)) dpy ... dun,

where
a;; = s8; —38Jpij, b, = sv; — 3Bh.
Integral (4) can be immediately evaluated to give
SN 1/2
Z, = (—) Y exp(} af,lbib, —sN),
1Al @Sk

where A = |a| is the determinant of the matrix g, and a~' =
of the matrix 38Jp.

(5)

R(s, 38Jp) is the resolvent

Differentiating both sides of (5) with respect to p(r), where r =|j —i|=1,2, ..., the

derivative of the left-hand side is
8Z,/dp, = BJ (N —n)[(rZ,

(6)

where I'(7) = (u;+.u,) is the spin-spin correlation function. The right-hand side contains

two terms, |A| and a ", depending on p, where
N2 M2

aipr(l%l) - M(I%O BI(N — A,

A(r), the co-factor of ay;, can be calculated from the relation

A(r)=Aaj;'.
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Using the Fourier transforms

0

2m
atn=5- L i@ exp(~igrdg,  d@ =Y alr)expligr),

and noting that in the g representation the matrix a is diagonal, that is

aNq)=1/d(q)=1/s-3BJ5(q),

we get
_ 1 J’Z” exp(—iqr)
1
a r)=— T 1 - n, < .
*) 2w e s—3BJ5(q) 1
Therefore
3 (s 17s™M V2 1 (*" exp(—igr
L) =a(5) mwenso [ 2B, ™
ap,\|A] 2\|A] 2mlo s—3BJ5(q)
Similarly

0 1 ) ( -1 ) 1 J‘z"—%ﬂjexp[—iq(r—l—m)]
ai; b,b =¢e ai;; b,b bbm-— ~
exP(% ;o XP%- 1o % 24l [s - 385 ()T

30,

It 3llp BT <, where |p| < (¥ ,-,,.p?,)l/z < 00, then the resolvent R(s, 38Jp) can be expan-
ded in a power series, so that

zBJp)"

R(S> %B‘]p) =Z n+1 -
)

dg. (8)

N[—

Therefore
~BH'(h) =L a;’bd;
=s Y vi +3pJ L pypi; =Bk X vi+OU/s)
=5 Z vi —BH(-h).
If the magnetic field 4 = 0, the derivative of (4) finally takes the form

= ff 1/2_1_ " _coslgr) _}_il V2T T(q) cos(gr)
0-(3) 5l SaretE) | aer e ®

This integral equation defines the spin-spin correlation function for all potentials
satisfying the conditions: p; = p(|j —i}), || finite, and the temperature T > 3||o||//s.

3. Spin-spin correlation function for a power law potential

If the potential falls off by a power law, that is p; ~|j —i| ™"~ ' when |j — i is large, the
Fourier transform of p(r) is given by

pla)=0b-alql’, (10)

where 0> —1, a=7/T(o+1)sin(mo/2) and b= 27)°a/(c +1).
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The behaviour of the integral on the left-hand side of (9), which after substitution
from (10) is

T cos(gr) ]
I=J —d at large r), 11
o s—18Jb+iBJalql” 1 ( ger) (D

can be obtained by making the transformation y” = (qr)” and considering the contour
integral

dZ.

J, exp(iz2/U)Z(2/a)—1
c s —3bBJ +3aBIZ° /7"
The contour C consists of the upper half of the circle |Z| = rz(r - ) bounded by the

real axis and a small circle round the origin. The asymptotic behaviour for large r is
determined by the residue of the pole

Z - (S —%bBJ) 1/2ra'/2i

T (i=v=1).

The asymptotic behaviour of the spin-spin correlation function for large |f —i| and s is
therefore given by

-G ool -5 ()

ofBJa o
1 /o
s —2bBJ
xSin[(‘ %;;f ) i~ cos(g) +sin(§>]. (12)
Hence the critical temperature is
T.=bJ/2s. (13)

4. Critical exponents

From (12), the spin-spin correlation function in the neighbourhood of the critical
temperature at large distance |j —i| is determined by

2 25 (1/o)-1 N, T-T (1/o)—-1
)
(j=1) oBla\apT sin 2\

<on (525 () s e

The correlation length is
E~(T-T)™ 7,

hence the exponent
v=1/0. (15)

At the critical temperature, the integral (11) can be directly evaluated to give

2T.T(—o+1) cos[ir(1—o)]

2 ko
I= J’ -a S d — >
g7a ), 4 cos(ql/ = i) dg =~ i
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Since
rG-i~1/j—i""

at T = T, the exponent

n=2-o. (16)
The susceptibility is determined from
1 T-T)" ! -
x=7 YT~ ( ~(T-T)

T e () () ()]

hence the exponent y = 1.
Assuming that equation (9) is valid when T < T, the asymptotic behaviour is then
determined by the two real poles

P (%@Jb —s) Y
saBJ

which are surrounded by two small semicircles in the upper half Z plane, giving
7 (T.—T\V"7 27
e
(j=1i) Bdas\ T cos -
As I'(j — i) tends to the square of the spontaneous magnetisation when |j —i| > c0, then
M?~(T.— T)(l/cr)—l_

therefore the exponent
B=3(1/o)-1]. (17)

Also, from ¢~ (T — TC)‘ZJ’“, we get @ =2—1/0, so the exponents «, B, y satisfy the
scaling relation a +28 +vy =2.

5. Ising model

Finally we notice that the Ising model (s - ®) exhibits a phase transition if the constant
of interaction J - c0; therefore the constant of interaction must be renormalised such
that the ratio J/s is finite. The critical temperature in thiscaseis 7. = %bfph, where J,;, is
the renormalised constant. This renormalisation procedure corresponds to a renor-
malisation of the magnetic moment u; in the Hamiltonian such that

wi = (1/V8)tkon,
and hence
I(r)=(1/8)Tpn(r).

From (11) the renormalised spin—spin correlation function near T. is

L 27 2 o=l Ny T—T.
i~ rn)  (5)(7)

TBJIpn\aBJpn
<o -(555) (o) v-1n(3)] as)

(1/o)~1

1/o
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6. Conclusions and discussion

In this paper we have introduced a model suitable for the study of the critical behaviour
of the Ising model with long-range interactions. The spin—spin correlation function is
derived in (9) for a large class of potentials. This formula is then applied analytically
in § 4 to calculate the critical exponents for potentials falling off like r ™', Integral
(11) is solved exactly at T = T,, from which we get the exponent n=2—¢ for all
0< o =1. The same result has been also obtained by Kim and Thompson (1977) in the
same range.

However, the exponents », y and 8 are obtained from the asymptotic behaviour of
the spin-spin correlation function as y »00, The asymptotic behaviour of (11) is
determined by the pole of the corresponding complex integral in the upper half Z
plane. In fact the results obtained for v, y and B are correct if the contribution of the
large semicircle at infinity is less than the pole contribution.

The study of the behaviour of this integral shows that the contribution of the large

semicircle vanishesif 1/ =n +p,wheren =1,2,3,...,and0=<p <3ie.2/(1+2n)<
o <1/n, and diverges as r » 0 if 3 < <3. Our results for v, y and 8 are therefore true
in the intervals 2/(1+2n)<o=1/n,where n =1, 2,.... The values obtained for », y

and B are in agreement with those of previous workers in the range 0 < o <3. Different
behaviour of the exponents is to be expected in the region 3 <o <3. In this region the
resolvent R (s, %BJp) cannot be expanded in the form

R(s,3830) =3 GBIp)" (19)

In fact equation (9) is useful for the calculation of the spin—spin correlation function of
the Gaussian model introduced if J/s < 2 T/|jp||, which is the condition of convergence of
the series (19).

For the Ising model s » o and therefore J must tend to infinity in order to have
non-vanishing critical temperature and spin-spin correlation function. If the renor-
malised constant J,, <2 T/|lp|, then the values of the exponents v, y and 8 derivedin § 4
are the approximate physical values, as only the first and second terms in the expansion
of the resolvent are taken into consideration in the derivation of (9). This explains why
we obtain the same values for the exponents in the region <o <1 as in the classical
region0<o < 3. Better results can be obtained if more terms in the resolvent expansion
are included. Our results in this approximation agree with the hierarchical model (um)
and the long-range Ising model in the range 0<o <3. In the range $<o <1 the
behaviour of the exponents disagrees with the HM and is only in rough agreement with
the Ising model. This is because the critical temperature in the HM approaches zero as
o -1, and at o =1 the HM exhibits singular behaviour, while the Ising model cal-
culations show that a phase transition exists in this region,including o = 1.
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